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Abstract This paper considers the muhiphcative Horn-Lie superalgebra struc- 
tures on infinite dimensional simple Lie superalgebras of vector fields with char- 
acteristic zero. The main result is that there is only the multiplicative Hom-Lie 
■ superalgebra structure on these Lie superalgebras. 
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cn ■ 0. Introduction 

Hom-Lie algebra structures were introduced and studied in pj-lj]. In 2008, Q. Jin and 
X. Li gave a description of Hom-Lie algebra structures of Lie algebras and determined 

^^ . the isomorphic classes of nontrivial Hom-Lie algebra structures of finite dimensional semi- 

H ' simple Lie algebras [5| . The Hom-Lie algebras have been sufficiently studied in [a, |7| . 

- ■ ■ The theory of Lie superalgebras has seen a significant development. For example, V. G. 

Kac classified the finite dimensional simple Lie superalgebras and the infinite dimensional 
simple linearly compact Lie superalgebras over algebraically closed fields of characteristic 
zero [8|, '9]. In 2010, F. Ammar and A. Makhlouf generalized Hom-Lie algebras to Hom-Lie 
superalgebras J,0]. In 2012, B. T. Cao and L. Luo proved that there is only the trivial Hom- 
Lie superalgebra structure on a finite dimensional simple Lie superalgebra of characteristic 



zero 



11 



*Supported by the NSF of HLJ Provincial Education Department, China (12521158) 
■^Supported by the NSF of HLJ Provincial Education Department (12511349), China 
■f Corresponding author. Email: wendeliuaustc.edu.cn. Supported by the NSF of China (11171055) 



Multiplicative Horn-Lie superalgebra structures 



This paper is motivated by the resuhs and methods relative to finite dimensional simple 
Lie superalgebras with characteristic zero (cf. 11]). In Section 1 the notations of infinite 
dimensional simple Lie superalgebras of vector fields were introduced. In Section 2 the 
multiplicative Hom-Lie superalgebra structures on infinite dimensional simple Lie superal- 
gebras of vector fields were studied. We proved that there is only the trivial multiplicative 
Hom-Lie superalgebra structure on infinite dimensional simple Lie superalgebras of vector 
fields. 



1. Preliminaries 

Throughout F is a field of characteristic zero. Z2 := {0, 1} is the additive group of two 
elements. N and No are the sets of positive integers and nonnegative integers, respectively. 
F[xi, . . . , Xrn] denotes the polynomial algebra over F in even indeterminates xi, X2, ■ ■ ■ , Xm, 
where to > 3. For positive integers n > 3, let A(n) be the Grassmann superalgebra over F 
in the n odd indeterminates Xm+i,Xm+2, ■ ■ ■ , Xm+n- Clearly, 

A(to, n) := W[xi, . . . , Xm] ® A(n). 

is an associative commutative superalgebra. 



Let dr be the superderivation of A(to,, n) defined by dr{xs) = Srs for r,s G l,m + n. The 
generalized Witt superalgebra W (to,, n) is F-spanned by {frdr \ fr G A(m, n), r G 1, n + to}. 
Note that W{m, n) is a free A (to, n)-module with basis {dr | r G 1, to -|- n}. 

For a vector superspace 1^ = V5 © Vj, we write |a;| := 9 for the parity of a homogeneous 
element x G Vg, 9 G Z2. Once the symbol |a;| appears, it will imply that a; is a Z2- 
homogeneous element. 

The following symbols will be frequently used in this paper: 

i + r, ifl<i<r fl, if ^^i^r 

i'jj = i'j^ := ^ i — r, if r < i < 2r r(i) := < —1, if r < i < 2r 



i, if i£m + l,m + n, I 1; if iEm + l,m + n, 

for m — 2r or m — 2r + 1; 

I 1 -A- m if 7 f- 1 Til 

• i'x-^{ ' -r ■ ^4-r^^ where X = HO, KO, SHO and SKO; 

^ [ i — TO, if I G TO -I- 1,2to, 

• div{frdr) — (— l)'^''"^'^'i9r(/r), where div is a linear mapping from W{m, n) to A(to-, n); 

• divA(/) := (-1)1/12 (Y.^dA-s^o (/) + (® - "^AidA(„,„+i)) ^2„^+l if)] , where / G 
A{m, in) and A G F; 

• D,j(/) :- (-l)l^-ll9^l9,(/)9, - (-l)(l«-l+l^^l)l/l9,(/)9„ where / G A(to,to); 

m-\-n 

• Dh(/):= E r(z)(-l)l^'ll/la,(/)9,^,whereTO = 2rand/GA(TO,TO); 

i=l 

ru+n 

• Dk(/) := E (-1)1*11/1 (x.d^if) + r{i'^)d,^ (/)) d, 

m^i— 1 
/ m-\-n \ 

2/ — J2 ^idi(J)\dm, where m — 2r + 1 and / G A(m,m); 

rnT^z— 1 
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2m 



Dho(/) := E(-l)'^'"^'5.(a)9,i,„, where / e A(m,m); 



• Dko(/) := Dho(/) + (-l)l''l92m+i(/)® + (S)(/) - 2/)a2m+i, 2) := E ^^^^: where 
/ e A(m, m); 

• 1/ := Sx,Km + 5x,Koi'2m + 1) + (5x,5A'o(2m + 1). 

The following infinite dimensional Lie superalgebras of vector fields, which arc the simple 
Lie superalgebra contained in W{m,n), are defined as follows (cf. [9]): 

• S {m,n) :— spanj. {Dij(/) | / G A (m,n) ,i,j G l,m + n} ; 
. i?(m,n):-{DH(/)|/GA(TO,n)}; 

. /^(m,n):={DK(/)|/GA(TO,n)}; 

. HO (m, m) := {Dho(/) I / e A(m, m)}; 

. KO{m, m + 1) := {Dko(/) I / e A(m, m + 1)}; 

• SHO{m,m) := [SHO'{m,m), SHO'{m,m)], where 
SHO'(m,m) := {D G HO{m,m) \ dw{D) = 0}; 

• SKO{m, TO + 1; A) := [5ii:0'(m, m + 1; A), ^/^(^'(m, m + 1; A)], where 
SKO'{m, m + 1; A) := {Dko(/) I divA(/) = 0, / G A(m, m + 1)} and A G F. 

Hereafter, write X for W, S, H, K, HO, KO, SHO or SKO. 

2. Multiplicative Horn-Lie superalgebra 

Definition 2.1. A multiplicative Horn-Lie superalgebra is a triple (g, [,],cr) consisting of a 
Z2-graded vector space q, a bilinear map [,] : x g — > g and an even linear map a : g — > g 
satisfying 

<^[x,y]^[cr{x),a{y)], (2.1) 

[x,y] = -{-l)\^\\y\[y,x], 

(-l)l-ll^l[a(x), [y,z]] + (-l)l^ll-l[a(y), [z,x]] + (-l)l^ll^l[a(z), [x,y]] ^ 0, (2.2) 

where x, y and z are homogeneous elements in g. 

For any simple Lie superalgebra g, denote its Lie bracket by [,] and take an even linear 
map a : g — > g. We say (g, a) is a multiplicative Hom-Lie superalgebra structure over the 
Lie superalgebra g if (g, [, ],cr) is a multiplicative Hom-Lie superalgebra. Suppose cr ^ 0. 
Eq. (12. ip and the simplicity of g show that cr is a monomorphism of g. In particularly, if 
cr = id or cr = 0, the multiplicative Hom-Lie superalgebra structure is called trivial. Before 
consider the multiplicative Hom-Lie superalgebra structures on X(rn, n), we introduce the 
gradations on them as in [9|. For any (tti -I- n)-tuple a := (ai, . . . , «„ | ctm+i, ■ ■ ■ , c^m+n) £ 
N™+"j we may define a gradation on W{m,n) by letting dega;i :— at =: — deg9i, where 
i G l,m-\-n. Thus W{m,n) becomes a graded Lie superalgebra of finite depth, i.e., we 
have 

W{m,n) = ®°l-hWim,n)^^ij], 



Multiplicative Horn-Lie superalgebra structures 
where /i is a positive integer. Put 

7 := 1 + Sx.KSm + Sx,KO£2m + l + Sx.SKOS2rn+l £ N"+" 

and sometimes omit the subscript 7. Putting 

X{m, n)7,[i] := X{m, n) fl Wim, n)j[{^, 
one sees that X{m,n) is graded by {X (m, n)^[i])i^z- In particular, 
• X{m, n)r 2] = F • Dx(l), where X := K, KO or SKO\ 



X(ra,'n)\i\ = spanj.{9i | i £ l,m + ri}, where X := W^ or S; 



X(TO,n)[_i] = spanp{Dx(a;i) | j/ 7^ i e l,2n}, where X := H,K,HO,KO, SHO or 



W(m,n)[o] = spanj.{xi9j | i,j G l,TO + n}; 



5(to, n)[o] = spanj-{xi9j, Xi9i — Xj9j | i / j G 1, to + n}; 



• X{m,n)[Q] = spaiip{Dii{x^Xj),6x,K^iiixm),6x,KO^ii{x2m+i) \ i,j e l,m + n}, 
where X := H,K,HO or XO; 

• X( TO,n)[o] ^ spanj^{I)x{xiXj),'Dx{xiXi' - XjXj'),'Dxix2n+i + Sx.SKonXxiXi') \ i ^ 
f e 1, m + n}, where X := 5i?0 or ^iiTO. 

Next we give an equation and several lemmas needed in the sequel. The verifications are 
straightforward. The equation will be used without notice: for f,g G A{m,n), 

[Dx(/), Dx(g)] = Dx (Dx (/) (g) - 2 {Sx^k - {-1)^^^Sx,ko) d, (/) g 

Lemma 2.2. (cf. f^]) The Z-graded Lie superalgebra X{ni,n) is transitive, that is, if 
X € Qi with i > and [x, 0[-i]] = 0, then x = 0. 

Lemma 2.3. For Wj- graded Lie superalgebra X[m,n), we have 



Ker(adi9i) fl X{m, n)[o] = spaTif{xjdk \ j,k £ \,m + n,i ^ j} f] X{m, n)jo] 
and 

[Ker(ad(?i) Ci X{m,n)[Q],Ker{a,ddi) nX(TO,n)[o]] = Ker(ad(?i) nX(TO,n)[o], 



where i G 1, to, + n\i'. 



Lemma 2.4. For i,j,k,l (£ l,m + n, we have that 

Xkdi G [Ker(adxi(9j) Ci X{m,n)[Q],KeT{adxidj) Ci X{m,n)[Q]], 
where k y^ j,l; 

BxixkXi) G [Ker(adDx(a;ja;j)) Ci X{m,n)[Q],KeT{adDx{xiXj)) nX(TO,n)[o]] 



where k ^ I G 1, to, + n\v, k, I ^ ix^Jx- 

The next proposition is essential for the main result in this paper. 
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Proposition 2.5. // {X{m,n),a) is a multiplicative Horn-Lie superalgebra structure and 
a ^ 0, then 

(^ \x{m,n)^_^= id \x(m,n)^^^ ■ 

Proof. Case 1: X := W or S. By Eq. ([12]), we have 

= (-l)l*ll^^^''l[a(aO, [d,,x,dk]] + (-1)1*11^^1 [a(a,), [x,dk,d,]] 

= (-i)i^*ii^^^'=i[(T(a,),afe], 



where j ^ i,k E l,m + n. By Lemma 12.21 we have 

a{X{m,n)[_i]) = X{m,n)[_i]. 



m-{-n 



Then for any i G l,m + n, one may suppose <7{di) — ^ aidi, where a/ G F. Lemma 

1=1 

and Eq. (|2.2p huply that cr(9i) = Uidi. For distmct i, j,k € l,m -\- n, put x = Xjdj — x^dk, 
y ~ di and z = Xidj. Then Eq. (12.21) imphes that 

[cr(a;jaj - Xkdk),dj] + [cr(5i),a;i9j] = 0. (2.3) 

Suppose a~^ is an left hnear inverse of a (vector space). Then 

a~'^[[(7{xjdj - Xkdk),dj]) = [xjdj - Xkdk,cr^^{dj)] = [xjdj - Xkdk,aj'^dj] = -aj^dj. 

Hence 

[a{xjdj - Xkdk),dj] = -dj. 

By Eq. (j2.3p . we have a^ = 1, where i G 1, to + n. That is 

(cr- id) U(m,„), i,==0. 



Case 2: X := H, K,HO,KO, SHO or SiCO. For i,j,fc G l,Tn + n\v, Eq. (E^) implies 
that 

- (-l)l°"^"'^ll°"^"^x^'=x)l[a(Dx(a;,)), [Dx(x,),Dx(x,. XfeO]] 



^(_l)|Dx(.,)||Dx(..)l[^(Dx(a;,)),[Dx(x,^a;,^),Dx(a;.)]] 



It follows that 



and 



[aiDxix,)),Dx{xk')]=0, i^j,j'x,k (2.4) 



[(7(Dx(a;0),Dx(x,;^)]-[c7(Dx(a;,)),Dx(a;j^)], i^j,/. (2.5) 

By Eq. (|2.4p . (12.51) and Lemma [2?2l it is easy to obtain that 

7n-\-n 

a(Dx{xi)) ^ a,Bx{l) + Yl (^n^^M 

v^l=l 
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for some ai^an e F. 

Subcase 2.1: X := H,HO, or SHO. Lemma [231 and Eq. ^^ imply that aik = for all 



i 7^ A; G 1, TO + n\v. Thus, 

(cr-id) U(m,n)[_ij=0. 

Subcase 2.2: X := K,KO or S'i^TO. Put x = Dx(a;0, y = Dx(a;j) and 

a; / I 

z ^T>^{xy^x^ + 5x,SKo{-'^) '^ (mA - l)xfeXfc^a;j^). 
Eq. (P?^ implies that 



Hence a^ = 0. Take i, j, fc G 1,™ + n\i' and i ^ j,Jxj ^i f^'x- P^t x = Dx(a;ja;fc) G X{m,n)Q, 
y = Dx{xi) and z ~ Dx(a;i' a;j' ). By Eq. (j2.2p again, we have 

= (-l)l*ll-^l[a(Dx(a;,Xfc)),Dx(a;,^)] 

+(-l)l^^xll^'x^^xl+l^^xll^'xl[a(Dx(x,)),Dx(a:.^Xfc)]. 

Suppose (T~^ is a left inverse of a. Then 

cr"^([fT(Dx(a;ja;fe)),Dx(a;j^)]) = [Dx(xja;fe), cr"^(Dx(a;j^))] 

= [Dx {xj Xk ) , aT/^.^ Dx {xf^ )] 

= -(-l)l^^xll"^Scla;/^.^Dx(a;fc). 
Hence 

_(^_lffJ'=fJakkaJ,y,^Dx{xk) = [<j(Dx{xjXk)),Bx{xfJ] 

= -(-l)l^^xll^^xl+l*ll^'l[a(Dx(:r.)),Dx(a;.^Xfc)] 
= _(_l)|a,ill-.Scla,,Dx(a:fc). 
The arbitrariness of j and k implies that au — l. Thus, 

(cr-id) U(m.n)[_ij=0. 

D 

Proposition 2.6. // {X{m,n)^a) is a multiplicative Horn-Lie superalgebra structure and 
(7 7^ 0, then 

O- |x(m,«)(o]=id |x(m,«)(o] ■ 

Proof. Case 1: X := W or S. Put x G X{m, n)[o]. Then by Proposition l2.5l we have 

[a{x),di] = [(T{x),a{di)] = cr([a;,ai]) = [a;,9i] 
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for all i £ l,m + n. By Lemma |2.2[ we may write 

m-\-n 

a{xidj) = Xidj + ^ a^jsds, 
where Qijs G F. By Lemma I^TH and Eq. (|2.2p . we have 

o-ijkdi = [^ a^js^s,Xk^l] = 



s=l 



for k,l £ 1, m + n and fc ^ j, L By the arbitrariness of I, we know aijk = for all j ^ k £ 
l,m + n. Put a; = Xidj, y = Xjdi, z = xidi - (— l)(l^'l+l^=l)a::s9s. By Eq. (j2.2p we have that 

[<j{x,d,),xjdi] + [a{xidi ~ (-l)(l^'l+l"=l)x,a,), [x,d,,xjdi]] = 0. 

Furthermore, 

[aijjdj^Xjdi] + [auidi - asssds,Xidi] = 0. 

Then aijj = 0. Summarizing, we have a{xidj) = Xidj. 

Case 2: X := H,K,HO,KO,SHO or SiCO. For a; £ X{m,n)[o], by Proposition [^31 we 
have 

[a{x),Dxix^)] = [a(a:), a(Dx(a:,))] = <j{[x, Dx{x^)]) - [x, Dx(x,)] (2.6) 

where i G 1, ttt, + n\iy. By Lemma |2.2[ we may write 

m-\-7i 

a(DxixiXj)) = Dx(a;ja;j) + ^ aijsDx(a::s) + aijDx(l), 

where Dxi^iXj) £ X{m,n)[Q-^ and aij,aijs £ F. By Lemma l2.4l and Eq. (|2.2p we have that 

±Oyfc^Dx(a;i) ± ay/^Dx(xfe) = [^ aijsDx(xs), Dx(xfca;;)] = 0, 



where k ^ I £ l,ni + n\i> and fc, Z ^ i'^,j'^. That is a^js = for all i,j/ 7^ s G l,m + ri\i'. 
Then 

cr(Dx(a;iXj)) = BxixiXj) + a^jiBxixi) + aijjBxixj) + aijDx(l). 

If fc = i^ or fc = j'x , by Eq. (|2.2p we have 

±aiifeDx(a;() = [aijiDx(a;i) + ajj.,Dx(a;j),Dx(xfea;;)] = 
Hence 

a(Dx{xiXj)) = T>xixiXj) + aijDx(l). (2.7) 

Subcase 2.1: X := H 01 HO. From Eq. I^7!\ . we have 

(cr-id) U(m.n)[o,= 0. 
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Subcase 2.2: X := SHO. By Eq. (|2.7p again, for i y^ j E l,m\i' we can obtain 

crCDxixiXi,^ - XjXj'^)) = a{[DxixiXj),'Dx{xi'^Xj'^)]) (2.8) 

= [<T(Dx{x^Xj)),(T(Dx{x,'^Xy^))] 

= [Dx (a;ia;j ) , Dx (a;^^ x^-^ )] = Dx (xiX^^ - Xj-x^-^ ) . 
From Eq. !^H and l^^ . we know 

(O" - id) |sHO(m,n)[o]= 0- 

Subcase 2.3: X := K, KO or SKO. Take x = 'Dy^{xiXj), y — Dx(a;fc) and z = Dx{xk' x^, 

+ (—1) ^''x (nX ~ l)xixi' ), where i,j,k,k'-^JJ'^ g l,m + n are distinct. By Eq. (|2.2p . we 
have 

-2a„ = [a(a;),[y,z]] = (-l)'^'=ll-'=l[Dx(x,a;,) + a,,Dx(l), 

Dx(.T. + (-l)'"'=^'(nA - l)xixi>^ + i-lf-'x^XkXk'J] - 0. 

Hence 

a(Dx{xiXj)) = DxixiXj). 

By Eq. (j2.6p . we can write 

cr(Dx(a;i. + (^x,Si<-o"-Axja;j^)) = I)x{x^ + Sx.sKonXxjXf^) (2.9) 

+ X! (^:^js'Dx{xs) +ai,-i'Dx{l). 

Using the method above, we can obtain easily 

(t{Dx{xu + Sx,SKonXxjXj'^)) = Dx(a;^ + Sx,SKon\xjXj'^). 
By Eq. (H^]), (US]) and dH]), we have 

(cr-id) |x(m,n)[o,= 0. 

The proof is complete. D 

Theorem 2.7. There is only the trivial multiplicative Horn- Lie superalgebra structure on 
the infinite dimensional simple Lie superalgehras of vector fields. 

Proof. Let (X(m, n), a) be a multiplicative Hom-Lie superalgebra structure and a ^ Q. By 
Propositions 12.51 and 12.61 we have 

C lx(m,n)[_i]©X(m,n)[o]= id Ix(m,n)[_i]©X(m,n)[o] • 

Now let X e X(m,n)[;] and y,z E X{m,n)[_i] (B X{m,n)[Q], where I > 1. By Eq. (|2.2p . we 
have 

[cr(a;) -a;, [2/,z]] =0. 

Then cr(x) ~ x — 0. We get a = id. The proof is complete. □ 
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